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Lecture 29 : Fourier transform t

Spectral theory
Last time... H = (ET) or &(2).

· Spectral The : H = At
.

Then A co be

unitarily diagonalized :

A = 4)" x)ut

· Multiplication operators Mr : 21-11 .
Ver,

are likefiagonal matrices :

(Mnf)(x) = V(x) f(x)

· If v : [1 , 2 ,
... in3- 4 ,

then

7m =[]
this

(Muf)(x) = v(x) f(x) ,
x = 1
,m

·
If Vx) = VIX) , Mr = Me is self adjoint
Ex : Dingoral entrix D = D

+ if entries are rent:
bt = (" .. x)" = (* ... ) = )" x) = D

· Derivative operator : perity is self-adjoint,

p
=pt



So : how do we find basis of eigenvectors for p?
Observe :

- ieik = Reik
-

RV
= kv !

So : Ferrier series gives eigenbasis forit !
observe :

-i fire
= (k)(i) ei
= TE(k) Reid



The: /Fourier basis diagonalizes derivatives)
-

(-if(k) = kF(k)
(x )

·Why do we call this diagonalization?
1

· Parseval :
f> f =Ut is unitary
A

L2([T ,
iT]) 12(2)
#

uf = f+ f

· The self-adjoint operator is

P = - iEx

(*) (UpUt .F((k) = (MpF((k) = k .F(k)

ar UpUt = Mp+ diagonal operator
!



Another perspective : unitaries map orthonormal

bases to or the normal bases .

U

fe (3(ETI) ,
-> ↑ 12/2)

periodic boubra
-

combitious ut

ands : Seikx : Kre] [S : ke2]

-S = (
...,
0
,

1
,
0
,
0
,
0
, --)

eit 1 - 6
,

= 1
..,
0
,

%
,
1
,
0
,
0
--)

eN = ( -, 0, 0 , 0, 1
,8 -- -)

eit ·o- Sy : ( ...%,
0
,
0
,
0

,
1
....)

-



Diagonalization : serivative& hard (differential equations)
-> C(E)

=
, LET,])

[4) Put
1

-

1/2)
multiplatio

142)

(Mm\(k)= R .F(R) & easy (algebra

To highlight the power of this approach,
return to the heat equationon circle :

Temperature ⑧
T

,
+)

T : - T,] x [0 ,0) -> R

↑ A

carbinute + i -C

encircle

Satisfies ET=Theater
T(x

,
0) = f(x) - initial data

Look for solution (separation of variables

Thit)=
k

Tis a

↑

represented in eigenbus's

Fouriersoets depe
to of

Heutegu Forechcoef : E
+TD Dingolizationa



This is easy to solve .

Talt) = F(k) e
- bat

S the full solution is

·nike-hitI
A few observations :

Fast oscillations. Slow oscillations

num -
↳ big ↳ small

~

editpotent obest
t

E fastoscillations decry quickly,
which leads to smeething of initial data :

es ~ -
Th ,0) -> Thx

, Eml)-> Thitzigh



· Exponential decay of solutions to equilibrium :

Split
· Th ,t) = <(0) +[Re-bit

k

W

↑ ↑ this tere
↓ rives to 0,

constant term

= if fixdx , average whe

This approach is very useful to study several PDEs :


